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Chapter 4.1 
Problems: # 11 - 16, 31, 33, 37, 39, 41, 49 - 52, 77, 80 - 82, 85 

     {For problems # 31, 33, 37, 39, 41, find: zeros, x- and y-intercepts, determine end behavior, create a table-of-values, 

then graph by using all the information gathered.}  

11-16 (all), 18-42 (every 3rd), 49-52 (all), 54, 57, 60, 83, 86 

 

By: Eugene F. Leafty III 
  



11-16: Match the polynomial function with one of the graphs I-VI. Give reasons for your choice. 
 

11) 𝑷 𝒙 = 𝒙 𝒙𝟐 − 𝟒  

Because the highest power is an 𝑥3 (odd). 

 
12) 𝑸 𝒙 = −𝒙𝟐 𝒙𝟐 − 𝟒  

The equation is degree 4, with a negative leading coefficient, so both ends should point down.  The 
highest power is an 𝑥4 (even) flipped over the x-axis with a 𝑥2 in the middle. 

 

13) 𝑹 𝒙 = −𝒙𝟓 + 𝟓𝒙𝟑 − 𝟒𝒙 

The equation is degree 5 (odd) with a  negative leading coefficient, so the graph should start high, then go 
down.  The highest power is 𝑥5 (odd) flipped over the x-axis, with a 𝑥3 (odd) in the middle. 

 

14) 𝑺 𝒙 =
𝟏

𝟐
𝒙𝟔 − 𝟐𝒙𝟒 

The equation has a degree of 6, with a positive leading coefficient, so both sides should point up.  The 
highest power is 𝑥6 (even) and is a flattened parabola shrunk by a factor of ½ vertically, with a flipped 𝑥4 όŜǾŜƴύ ƛƴ ǘƘŜ ƳƛŘŘƭŜ ǘƘŀǘΩǎ ǎǘǊŜǘŎƘŜŘ vertically by a factor of 
2. 

 

15) 𝑻 𝒙 = 𝒙𝟒 + 𝟐𝒙𝟑 

The equation has a degree of 4 (even) with a positive leading coefficient, so the ends should both go up.  
The highest power is a 𝑥4 (even) and is a flattened parabola, with a 𝑥3 όƻŘŘύ ƛƴ ǘƘŜ ƳƛŘŘƭŜ ǘƘŀǘΩǎ ǎǘǊŜǘŎƘŜŘ vertically by a factor of 2. 

 
16) 𝑼 𝒙 = −𝒙𝟑 + 𝟐𝒙𝟐 

The equation has a degree of 3 (odd) and the leading coefficient is negative, so the graph should start high 
on the left, and go down as x goes to infinity.  The highest power is a 𝑥3 όƻŘŘύ ǘƘŀǘΩǎ ŦƭƛǇǇŜŘ ŀōƻǳǘ ǘƘŜ Ȅ-axis, and has a 𝑥2 όŜǾŜƴύ ǇŀǊŀōƻƭŀ ƛƴ ǘƘŜ ƳƛŘŘƭŜ ǘƘŀǘΩǎ 
stretched vertically by a factor of 2. 
  

17-28: Sketch the graph of the polynomial function.  Make sure your graph shows all intercepts and exhibits the proper behavior. 
18) 𝑷 𝒙 =  𝒙 − 𝟏  𝒙 + 𝟏  𝒙 − 𝟐  



 

 

 
21) 𝑷 𝒙 =  𝒙 − 𝟑  𝒙 + 𝟐  𝟑𝒙 − 𝟐  

 

 

 

24) 𝑷 𝒙 =
𝟏

𝟒
 𝒙 + 𝟏 𝟑 𝒙 − 𝟑  

 

 

 
27) 𝑷 𝒙 = 𝒙𝟑 𝒙 + 𝟐  𝒙 − 𝟑  

 

 

29-42: Factor the polynomial and use the factored form to find the zeros, x- and y-intercepts, determine end behavior, create a 
table-of-values.  Then sketch the graph. 
 
29) 𝑷 𝒙 = 𝒙𝟑 − 𝒙𝟐 − 𝟔𝒙 

Factor 𝑥 𝑥2 − 𝑥 − 6  
𝑥 𝑥 − 3 (𝑥 + 2) 

x-intercept 
𝑦 = 0 
𝑥 𝑥 − 3  𝑥 + 2  

𝑥 = 0 𝑥 − 3 = 0 
𝑥 = 3 

𝑥 + 2 = 0 
𝑥 = −2 

𝑥 = −2, 0, 3 
x-intercepts: (-2, 0), (0, 0), (3, 0) 

y-intercept 
𝑥 = 0 
𝑦 = 𝟎 𝟎 − 3  𝟎 + 2  
𝑦 = 0 
y-intercept=(0,0) 

 

End 
behavior 

𝑦 → ∞ 𝑎𝑠 𝑥 → −∞ 
𝑦 → −∞ 𝑎𝑠 𝑥 → ∞ 



Table of 
values 

X Y 

-3 -18 

-2 0 

-1 4 

0 0 

1 -6 

2 -8 

3 0 

4 24 
 

Plug x-intercepts in, then plug numbers in around 
it. 

Graph 

 
 

30) 𝑷 𝒙 = 𝒙𝟑 + 𝟐𝒙𝟐 − 𝟖𝒙 
Factor 𝑥 𝑥2 − 2𝑥 − 8  

𝑥 𝑥 + 4 (𝑥 − 2) 
x-intercept 
𝑦 = 0 
𝑥 𝑥 + 4  𝑥 − 2  

𝑥 = 0 𝑥 + 4 = 0 
𝑥 = −4 

𝑥 − 2 = 0 
𝑥 = 2 

𝑥 = −2, 0, 4 
x-intercepts: (-4, 0), (0, 0), (2, 0) 

y-intercept 
𝑥 = 0 
𝑦 = 𝟎 𝟎 − 4  𝟎 + 4  
𝑦 = 0 
y-intercept=(0,0) 

 

End 
behavior 

𝑦 → ∞ 𝑎𝑠 𝑥 → −∞ 
𝑦 → −∞ 𝑎𝑠 𝑥 → ∞ 

Table of 
values 

X Y 

-4 0 

-3 15 

-2 16 

-1 9 

0 0 

1 -5 

2 0 

3 21 

4 64 
 

Plug x-intercepts in, then plug numbers in around 
it. 

Graph 

 
 
31) 𝑷 𝒙 = −𝒙𝟑 + 𝒙𝟐 + 𝟏𝟐𝒙 

Factor −𝑥 𝑥2 − 𝑥 − 12  
−𝑥 𝑥 − 4 (𝑥 + 3) 

x-intercept 
𝑦 = 0 
−𝑥 𝑥 − 4  𝑥 + 3  
−𝑥 = 0 
𝑥 = 0 

𝑥 − 4 = 0 
𝑥 = 4 

𝑥 + 3 = 0 
𝑥 = −3 

𝑥 = −3, 0, 4 
x-intercepts: (-3, 0), (0, 0), (4, 0) 

y-intercept 
𝑥 = 0 
𝑦 = −𝟎 𝟎 − 4  𝟎 + 3  
 
𝑦 =  0 
𝑦 − 𝑖𝑛𝑡𝑒𝑟𝑐𝑒𝑝𝑡 = (0, 0) 

 

End 
behavior 

𝑦 → ∞ 𝑎𝑠 𝑥 → ∞ 
𝑦 → −∞ 𝑎𝑠 𝑥 → −∞ 



Table of 
values 

X Y 

-4 32 

-3 0 

-1 -10 

0 0 

4 0 

5 -40 
 

Plug x-intercepts in, then plug numbers in around it 
 
 
 
 

Graph 

 
 
32) 𝑷 𝒙 = −𝟐𝒙𝟑 − 𝒙𝟐 + 𝒙 

Factor −𝑥 2𝑥2 + 𝑥 − 1  
−𝑥 2𝑥 − 1 (𝑥 + 1) 

x-intercept 
𝑦 = 0 
−𝑥 2𝑥 − 1  𝑥 + 1  
−𝑥 = 0 
𝑥 = 0 

2𝑥 − 1 = 0 
2𝑥 = 1 

𝑥 =
1

2
 

𝑥 + 1 = 0 
𝑥 = −1 

𝑥 = −1, 0,
1

2
 

x-intercepts: (-1, 0), (0, 0), (1/2, 0) 

y-intercept 
𝑥 = 0 
𝑦 = −𝟎 2 𝟎 − 1  𝟎 + 1  
 
𝑦 − 𝑖𝑛𝑡𝑒𝑟𝑐𝑒𝑝𝑡 =  0 

 

End 
behavior 

𝑦 → ∞ 𝑎𝑠 𝑥 → −∞ 
𝑦 → −∞ 𝑎𝑠 𝑥 → ∞ 

Table of 
values 

X Y 

-2 10 

-1 0 

-1/2 -1/2 

0 0 

¼ .15625 

½ 0 

1 -2 
 

Plug x-intercepts in, then plug numbers in around it 
 
 
 
 

Graph 

 
 
33) 𝑷 𝒙 = 𝒙𝟒 − 𝟑𝒙𝟑 + 𝟐𝒙𝟐 

Factor 𝑥2 𝑥2 − 3𝑥 + 2  
𝑥2 𝑥 − 2 (𝑥 − 1) 

x-intercept 
𝑦 = 0 
𝑥2 𝑥 − 2  𝑥 − 1  
𝑥2 = 0 

𝑥 =  0 
𝑥 = 0 

𝑥 − 2 = 0 
𝑥 = 2 

𝑥 − 1 = 0 
𝑥 = 1 

𝑥 = 0, 1, 2 
x-intercepts: (0, 0), (1, 0), (2, 0) 

y-intercept 
𝑥 = 0 
𝑦 = 𝟎𝟐 𝟎 − 2  𝟎 − 1  
 
𝑦 − 𝑖𝑛𝑡𝑒𝑟𝑐𝑒𝑝𝑡 = (0, 0) 

 

End 
behavior 

𝑦 → ∞ 𝑎𝑠 𝑥 → ∞ 
𝑦 → ∞ 𝑎𝑠 𝑥 → −∞ 

Table of 
values 

X Y 

-1 6 

0 0 

.5 3/16 

1 0 

Plug x-intercepts in, then plug numbers in around it 



1.5 -0.5625 

2 0 

3 18 
 

Graph 

 
 

36) 𝑷 𝒙 = 𝒙𝟑 + 𝟑𝒙𝟐 − 𝟒𝒙 − 𝟏𝟐 
Factor 𝑥2 𝑥 + 3 − 4 x + 3  

 𝑥2 − 4 (𝑥 + 3) 
x-intercept 
𝑦 = 0 
 𝑥2 − 4 (𝑥 + 3) 
𝑥2 − 4 = 0 
𝑥2 = 4 

𝑥 = ± 4 = ±2 

𝑥 + 3 = 0 
𝑥 = −3 

 

𝑥 = −3, −2, 2 
x-intercepts: (-3, 0), (-2, 0), (2, 0) 

y-intercept 
𝑥 = 0 
𝑦 =  02 − 4 (0 + 3) 
 
𝑦 − 𝑖𝑛𝑡𝑒𝑟𝑐𝑒𝑝𝑡 = (0, 0) 

 

End 
behavior 

𝑦 → ∞ 𝑎𝑠 𝑥 → ∞ 
𝑦 → −∞ 𝑎𝑠 𝑥 → −∞ 

Table of 
values 

X Y 

-3 0 

-2 0 

-1 -6 

0 -12 

1 -12 

2 0 

3 30 
 

Plug x-intercepts in, then plug numbers in around it 

Graph 

 
 
37) 𝑷 𝒙 = 𝟐𝒙𝟑 − 𝒙𝟐 − 𝟏𝟖𝒙 + 𝟗 

Factor 𝑥2 2𝑥 − 1) − 9(2𝑥 − 1  
 𝑥2 − 9 (2𝑥 − 1) 

x-intercept 
𝑦 = 0 
 𝑥2 − 9 (2𝑥 − 1) 

𝑥2 − 9 = 0 
𝑥2 = 9 

𝑥 = ± 9 
𝑥 = ±3 

2𝑥 − 1 = 0 
2𝑥 = 1 

𝑥 =
1

2
 

 

𝑥 = −3,
1

2
, 3 

x-intercepts: (-3, 0), (1/2, 0), (3, 0) 

y-intercept 
𝑥 = 0 
𝑦 =  𝟎𝟐 − 9  2 𝟎 − 1  
 
𝑦 − 𝑖𝑛𝑡𝑒𝑟𝑐𝑒𝑝𝑡 = (0, 9) 

 

End 
behavior 

𝑦 → ∞ 𝑎𝑠 𝑥 → ∞ 
𝑦 → −∞ 𝑎𝑠 𝑥 → −∞ 

Table of 
values 

X Y 

-4 -63 

-3 0 

0 9 

½ 0 

Plug x-intercepts in, then plug numbers in around it 
 
 
 
 



1 -8 

3 0 

4 49 
 

Graph 

 
 

39) 𝑷 𝒙 = 𝒙𝟒 − 𝟐𝒙𝟑 − 𝟖𝒙 + 𝟏𝟔 
Factor 𝑥3 𝑥 − 2) − 8(𝑥 − 2  

 𝑥3 − 8 (𝑥 − 2) 
x-intercept 
𝑦 = 0 
 𝑥3 − 8 (𝑥 − 2) 

𝑥3 − 8 = 0 
𝑥3 = 8 

𝑥 =  8
3

 
𝑥 = 2 

𝑥 − 2 = 0 
𝑥 = 2 

 

𝑥 = 2 
x-intercept: (2, 0) 

y-intercept 
𝑥 = 0 
𝑦 =   𝟎 3 − 8 ( 𝟎 − 2) 
 
𝑦 − 𝑖𝑛𝑡𝑒𝑟𝑐𝑒𝑝𝑡 = (0, 16) 

 

End 
behavior 

𝑦 → ∞ 𝑎𝑠 𝑥 → ∞ 
𝑦 → ∞ 𝑎𝑠 𝑥 → −∞ 

Table of 
values 

X Y 

0 16 

1 7 

2 0 

3 19 
 

Plug x-intercepts in, then plug numbers in around it 
 
 
 
 

Graph 

 
 
41) 𝑷 𝒙 = 𝒙𝟒 − 𝟑𝒙𝟐 − 𝟒 

Factor  𝑥2 − 4)(𝑥2 + 1  
x-intercept 
𝑦 = 0 
 𝑥2 − 4)(𝑥2 + 1  

𝑥2 − 4 = 0 
𝑥2 = 4 

𝑥 = ± 4 
𝑥 = ±2 

𝑥2 + 1 = 0 
𝑥2 = −1 

𝑥 = ± −1 
𝑥 = ±𝑖 

 

𝑥 = −2, −1, 1, 2 
x-intercept: (-2, 0) (-1, 0) (1, 0) (2, 0) 

y-intercept 
𝑥 = 0 
𝑦 =   𝟎 2 − 4 ( 𝟎 2 + 1) 
 
𝑦 − 𝑖𝑛𝑡𝑒𝑟𝑐𝑒𝑝𝑡 = (0, −4) 

 

End 
behavior 

𝑦 → ∞ 𝑎𝑠 𝑥 → ∞ 
𝑦 → ∞ 𝑎𝑠 𝑥 → −∞ 

Table of 
values 

X Y 

-3 50 

-2 0 

-1 -6 

-i 0 

0 -4 

i 0 

1 -6 

2 0 

3 5 
 

Plug x-intercepts in, then plug numbers in around it 
 
 
 
 



Graph 

 
 
49-52: The graph of a polynomial function is given. (a) Find the x- and y-intercepts. (b) Find the coordinates of all local extrema. 
49)  

 
a) x-intercepts: (0, 0) (4, 0) 

y-intercept: (0, 0) 
b) local maximum extrema: (2, 4) 

no minimum extrema 
 
50)  

 
a) x-intercepts: (0, 0) (4.5, 0) 

y-intercept: (0, 0) 
b) local maximum extrema: (0, 0) 

local minimum extrema: (3, -3) 
 
51)  

 
a) x-intercepts: (-2, 0) (1, 0) 

y-intercept: (0, -1) 
b) local maximum extrema: (1, 0) 

local minimum extrema: (-1, -2) 
 
52) 

 
a) x-intercepts: (0, 0) (4, 0) 

y-intercept: (0, 0) 
b) local maximum extrema: none 

local minimum extrema: (3, -3) 
 
53-60: Graph the polynomial in the given viewing rectangle.  Find the coordinates of all local extrema.  State each answer correct 
to two decimal places. 

54) 𝒙𝟑 − 𝟑𝒙𝟐,  −𝟐, 𝟓 𝐛𝐲  – 𝟏𝟎, 𝟏𝟎  



 

 

 
57) 𝒚 = 𝒙𝟒 + 𝟒𝒙𝟑,  −𝟓, 𝟓  𝐛𝐲  −𝟏𝟎𝟎, 𝟏𝟎𝟎  

 

 

 

60) 𝒚 = 𝒙𝟓 − 𝟓𝒙𝟐 + 𝟔,  −𝟑, 𝟑  𝐛𝐲 [−𝟓, 𝟏𝟎] 

 

 

 
77)  
(a) On the same coordinate axes, sketch graphs (as accurately as possible) of the functions 
𝑦 = 𝑥3 − 2𝑥2 − 𝑥 + 2 and 𝑦 = −𝑥2 + 5𝑥 + 2 

 
 
(b) Based on your sketch in part (a), at how many points do the two graphs appear to intersect? 

They intersect at three points 

(c) Find the coordinates of all intersection points. 
𝑥3 − 2𝑥2 − 𝑥 + 2 = −𝑥2 + 5𝑥 + 2  
𝑥3 − 𝑥2 − 6𝑥 = 0 
𝑥 𝑥2 − 𝑥 − 6  
𝑥 𝑥 + 2 (𝑥 − 3) 
𝑥 = 0 𝑥 + 2 = 0 

𝑥 = −2 
𝑥 − 3 = 0 
𝑥 = 3 

𝑦 =  𝟎 3 − 2 𝟎 2 −  𝟎 + 2 
𝑦 = 2 

𝑦 =  −𝟐 3 − 2 −𝟐 2 −  −𝟐 + 2 
𝑦 = −12 

𝑦 =  𝟑 3 − 2 𝟑 2 −  𝟑 + 2 
𝑦 = 8 

 
Intersection points: (0, 2) (-2, -12) (3, 8) 



 
80)  (a) Graph the function 𝑷 𝒙 =  𝒙 − 𝟏  𝒙 − 𝟑 (𝒙 − 𝟒) and find all local extrema, correct to the nearest tenth.  

 
Local maximum: (1.8, 2.1) 
Local minimum: (3.5, -0.4) 

(b) Graph the function 𝑸 𝒙 =  𝒙 − 𝟏  𝒙 − 𝟑  𝒙 − 𝟒 + 𝟓 and use your answers to part (a) to find all local 
extrema, correct to the nearest tenth. 

 
Local maximum: (1.8, 7.1) 
Local minimum: (3.5, 4.4) 

 
81)  (a) Graph the function 𝑷 𝒙 =  𝒙 − 𝟐  𝒙 − 𝟒 (𝒙 − 𝟓) and determine how many local extrema is has.  

 
Two local extrema.  One minimum, one maximum 

(b) If 𝒂 < 𝑏 < 𝑐, explain why the function 𝑷 𝒙 =  𝒙 − 𝒂  𝒙 − 𝒃  𝒙 − 𝒄  must have two local extrema. 
The highest power is a positive 3.  From (−∞, 𝑎) the graph will rise from −∞.  From  𝑎, 𝑏  the graph will rise and fall, and there will be a local 
maximum.  From  𝑏, 𝑐  the graph will fall then rise, and there will be a local minimum.  From (𝑐, ∞) the graph will rise to ∞. 

 
82)  (a) How many x-intercepts and how many local extrema does the polynomial 𝑷 𝒙 = 𝒙𝟑 − 𝟒𝒙 have?  

 
Three x-intercepts 
Two local extrema, one maximum, one minimum 

(b) How many x-intercepts and how many local extrema does the polynomial 𝑸 𝒙 = 𝒙𝟑 + 𝟒𝒙 have? 

 
One x-intercept. 
Two local extrema, one maximum, one minimum 

(c) If 𝒂 > 0, how many x-intercepts and how many local extrema does each of the polynomials 𝑷 𝒙 = 𝒙𝟑 − 𝒂𝒙 and 

𝑸 𝒙 = 𝒙𝟑 + 𝒂𝒙 have? Explain your answer. 
 

𝑃 𝑥 = 𝑥3 − 𝑎𝑥 has an odd exponent as the highest power ǎƻ ǘƘŜǊŜΩǎ ƴƻǊƳŀƭƭȅ ƻƴƭȅ ƻƴŜ Ȅ-intercept, but the -ax creates a negative slope that 
causes 2 additional x-intercepts (3 total x-intercepts) and two local extremas.  
 
𝑄 𝑥 = 𝑥3 + 𝑎𝑥 ŀǎ ŀƴ ƻŘŘ ŜȄǇƻƴŜƴǘ ŀǎ ǘƘŜ ƘƛƎƘŜǎǘ ǇƻǿŜǊ ǎƻ ǘƘŜǊŜΩǎ ƴƻǊƳŀƭƭȅ ƻƴƭȅ ƻƴŜ Ȅ-intercept and no extremas.  The ax has a positive slope, 
ǎƻ ǘƘŜǊŜΩǎ ǎǘƛƭƭ ƻƴƭȅ ƻƴŜ Ȅ-intercept and no extremas. 

 



83) Market Research A market analyst working for a small-appliance manufacturer finds that if the firm produces and sells x 
blenders annually, the total profit (in dollars) is 

 𝑷 𝒙 = 𝟖𝒙 + 𝟎. 𝟑𝒙𝟐 − 𝟎. 𝟎𝟎𝟏𝟑𝒙𝟑 − 𝟑𝟕𝟐 
Graph the function P in an appropriate viewing rectangle and use the graph to answer the following questions. 

  
(a) When just a few blenders are manufactured, the firm loses money (profit is negative). (For example, 𝑷(𝟏𝟎) = −𝟐𝟔𝟑. 𝟑, so the 
firm loses $𝟐𝟔𝟑. 𝟑𝟎 if it produces and sells only 10 blenders.) How many blenders must the firm produce to break even? 

26 
(b) Does profit increase indefinitely as more blenders are produced and sold? If not, what is the largest possible profit the firm 
could have? 

No.  $3276.22  

 
85)  Volume of a Box An open box is to be constructed from a piece of cardboard 20 cm by 40 cm by cutting squares of side 

length x from each corner and folding up the sides, as shown in the figure. 

 
(a) Express the volume V of the box as a function of x. 

𝑉 𝑥 = 𝑥 20 − 2𝑥  40 − 2𝑥  
𝑉 𝑥 = 𝑥 800 − 40𝑥 − 80𝑥 + 4𝑥2  
𝑉 𝑥 = 800𝑥 − 120𝑥2 + 4𝑥3 
𝑉 𝑥 = 4𝑥3 − 120𝑥2 + 800𝑥 

(b ) What is the domain of V? (Use the fact that length and volume must be positive.) 
𝑥 > 0 The height is the smallest dimension, 

and must be greater then 0 
20 − 2𝑥 = 0 
2𝑥 = 20 
𝑥 = 10 

The next smallest side 

0 < 𝑥 < 10 Domain 
 
(c) Draw a graph of the function V and use it to estimate the maximum volume for such a box. 

 
Maximum volume is ~1539.6 when x is ~4.23 

 
86) Volume of a Box A cardboard box has a square base, with each edge of the base having length x inches, as shown in the 
figure. The total length of all 12 edges of the box is 144 in. 



 
(a) Show that the volume of the box is given by the function 𝑽(𝒙) = 𝟐𝒙𝟐(𝟏𝟖 −  𝒙). 

Because  18 − 𝑥 , 18 is one of the factors, thus 
144

18
= 2𝑥2 

2𝑥2 = 8 
𝑥2 = 4 

𝑥 =  4 = 2 
(b) What is the domain of V? (Use the fact that length and volume must be positive.) 

 0,144  
(c) Draw a graph of the function V and use it to estimate the maximum volume for such a box. 

 
The maximum volume is 1728 = 122 


